We utilize group-theoretical methods to develop a matrix representation of differential operators that act on tensors of any rank. In particular, we concentrate on the matrix formulation of the curl operator. A self-adjoint matrix of the curl operator is constructed and its action is extended to a complex plane. This scheme allows us to obtain properties, similar to those of the traditional curl operator.
Introduction
Many areas of physics, like electromagnetism, hydrodynamics and plasma physics, make use of differential operators such as the divergence, the gradient and the curl. Matrix representations of these differential operators have been developed by several authors [1, 2, 3] . Efficient techniques based on this matrix formulation have been used to simplify computations in applied physics, vector analysis and manipulation of the differential operators in boundary value problems [1] . The matrix technique provides an elegant representation of Maxwell and vector wave equations. Within general orthogonal systems, these operators are represented by matrices that act on vectors and whose dimensions do not exceed 3 × 3. With these matrices, complicated vector operations can be presented in a simple form [2, 3] .
In the present paper, we provide a matrix formalism for the differential operators which is based on group theory and the quantum theory of angular momentum. This approach allows us to define differential operators which act on tensors of any rank. The method is based on irreducible tensors of rank l that have 2l + 1 components and the same transformation properties under rotation as spherical harmonics. Then, from the angular momenta coupling methods [4] , irreducible (spherical) tensors of any rank are constructed by using the spherical components of a given set of vector quantities. If L = L 1 + L 2 is the total angular momentum operator, then the Clebsch-Gordan coefficients are the expansion coefficients in an uncoupled tensor product basis [5] . Therefore, given any two spherical tensors T (l 1 )
m 2 of rank l 1 and l 2 , we define a tensor product of these two tensors
This relation, in particular for l 1 = 1 and l 2 = l with l → l − 1, l, l + 1, is used to define differential operators in terms of the Clebsch-Gordan coefficient using Wigner notation. Of special interest in the present work is the "curl" operator; it is represented by a square matrix, unlike other operators, like the divergence and the gradient. The curl operator's privileged status is motivated by the elegant properties of square matrices. Physical motivation for the group theory approach to the curl operator stems from an analogy between electromagnetism and gravity, called gravitoelectromagnetism [6] . This physical content gives rise to a new definition of the curl operator in terms of the angular momentum matrices in a Hilbert space. This allows us to construct hermitian (or self-adjoint) matrices useful to study the spectra of the curl operator [7, 8, 9] and its applications to force-free magnetic fields [10, 11, 12, 13] in plasma physics, astrophysics and fluid dynamics. Moreover, it is possible to extend the standard definition of the curl operator in cartesian coordinates to the complex plane.
This paper is organized as follows. In Section 2, we recall [14] the matrix representations of various differential operators (divergence, gradient and curl) which were obtained by using the Clebsch-Gordan coefficients, and display some of their properties. In Section 3, we give a new definition and physical motivation of the curl operator. In Section 4, we study the construction of hermitian matrices for the curl operator, and their extension to the complex plane including some applications. Finally, some concluding remarks are given in Section 5.
Matrix representations of the differential operators
Clebsch-Gordan coefficients are utilized to express the tensor product of two irreducible representations of the rotation group, SO(3), as a sum of irreducible representations [5] . We follow Eq. (1) and express the differential operators: divergence (DIV), gradient (GRAD) and curl (CURL), in the spherical, or canonical, basis [15] through a matrix representation, in terms of the Clebsch-Gordan coefficients. The matrix elements which represent the differential operators are given by (see Ref. [14] and appendix) i) Divergence:
and DIV is a (2l − 1) × (2l + 1) matrix. The operator ∂ * is a column vector.
ii) Gradient:
with −l−1 ≤ m 1 ≤ l+1 and −l ≤ m 2 ≤ l and where GRAD is a (2l+3)×(2l+1) matrix. The matrices for the divergence and gradient operators, with l = 1 and l = 2, are given in Ref. [14] .
iii) Curl:
with −l ≤ m 1 ≤ l and −l ≤ m 2 ≤ l, where CURL is a (2l + 1) × (2l + 1) matrix. For instance, for l = 1, we have
and for l = 2, we get
With these definitions, differential operators can be applied to any spherical tensor T (l) of rank l. Although the matrix structure of DIV, GRAD and CURL is simple and elegant, it is important to note that only the CURL operator is represented by a square, (2l + 1) × (2l + 1), matrix. This allows us to study these operators further. These three operators satisfy the following properties [14] :
Henceforth, we shall concentrate only on the CURL (1) operator, since it is directly connected with the standard curl operator ∇× in cartesian coordinates, R 3 . Let us identify some interesting properties of CURL (1) . To this end, we split Eq. (3) as follows:
The real part of CURL (1) is antisymmetric whereas its imaginary part is symmetric and traceless. Furthermore, for the (CURL (1) ) 2 operator, we have
Here real and imaginery parts are symmetric and anti-symmetric respectively. For a general n, we find that
for n = 1, 2, 3, ..., and
These properties can be extended to any curl operator CURL (l) using matrix operations.
Up to this point, we have discussed the properties of CURL as defined in spherical coordinates. Now, let us study the above properties within the cartesian coordinates in R 3 . According to the theory of harmonic functions [15] , the transformation matrix, S, from a spherical, or canonical, basis to a cartesian basis is given by
Under this transformation, the CURL (1) operator is equivalent to
This is the matrix form of the standard curl operator in cartesian coordinates. From Eq. (10), we obtain the following well-known properties:
where ∇ ≡ (∂ x , ∂ y , ∂ z ). These properties are analogous to the properties given by Eqs. (5) and (6) for the CURL (1) operator. Other interesting properties are
where n = 1, 2, 3, ..., and
In the next section, we discuss physical motivation for this construction of the curl operator.
Alternative definition of the curl operator
The electromagnetic fields are determined by Maxwell's equations, which reduce to a wave equation which describes waves that are called photons. For each photon in a momentum state k, there are only two degrees of freedom, the helicity (polarization) states, for which the spin is either oriented along (helicity +1) or opposite (helicity −1) to the direction of propagation.
The analogy between electromagnetism and gravity can be established by following group-theoretical methods [6] . Inhomogeneous Lorentz group leads to states that are either covariant or unitary irreducible representations. Using this freedom leads to constrained equations. Then Maxwell-like equations are derived from these results. In order to clarify the analogy between gravity and electromagnetism, an alternative definition [6] of the curl operator in Hilbert space was introduced
where L (l) denotes the angular momentum operator, represented by (2l + 1) × (2l + 1) matrix, and L is given in the orthonormal canonical basis of the Hilbert space. The curl operator in Eq. (12) can be applied to a spherical tensor of rank l. This leads to the following set of constraints [6] CURL T
where T
(l)
E and T
B are rank-l spherical tensors and pseudo-tensors, respectively. With l = 1, Eq. (13) reduces to the free-field Maxwell's equations, and, for l = 2, we obtain the analogous equations, in free space, coupling the gravitoelectric and gravitomagnetic fields.
It is straightforward to realize that, for l = 1 and l = 2, we obtain the same matrices for the CURL operator as in Eqs. (3) and (4), respectively. Therefore, definitions given by Eqs. (2) and (12) 12), can also be expressed in terms of raising and lowering operators as follows:
where L ± = L x ± iL y and ∂ ± = ∂ x ± ∂ y . This shows the connection between the curl operator and the irreducible representations of the proper rotation group SO(3).
Complex curl operator
The CURL (l) operator, defined in Eq. (12), is antihermitian. The hermitian curl operator, CURL
H , is written as CURL
. In particular, for l = 1, we have
Some properties of this hermitian curl-operator are
Let us define a new curl operator, CURL (1) , in terms of CURL
H and CURL (1) as
The properties of the CURL operator are
In cartesian coordinates, the CURL operator becomes
If we write the last equation in terms of the standard curl operator, ∇×, we find
This defines the extension of the curl operator to the complex plane. Note that ∇ H × = i∇× is hermitian. Some properties of the operators ∇ c × and ∇ H × are
Next, we provide a simple example that show how to use the complex curl operator and more sophisticated applications of this operator.
Example 1
Let F(x, y, z) be a complex vector field
then, by using Eq. (14), the complex curl of F(x, y, z) is
Let us take a specific form for F
where u and v represent, separately, fields rotating on the plane XY. Substituting u and v in Eq. (16) it yields
Notice that ∇ c × F is along the Z direction as expected.
Example 2
Let us express the source-free Maxwell's equations in terms of the complex curl operator, ∇ c ×, as
For gravitoelectromagnetism, following these arguments and those presented in Section 2 for the CURL (2) operator, we write the source-free Maxwell-like equations of gravitoelectromagnetism [6] as
where E and B are symmetric and traceless second rank field tensors. The complex curl operator, curl c , is given by curl c = curl + i curl, where the curl operator is defined as
Furthermore,(T ij ), i, j = 1, 2, 3 is a symmetric and traceless tensor of rank 2.
Example 3
The complex curl operator, ∇ c ×, suggests a way to study the Helmholtz decomposition in a complex space. Since the operator ∇, in r-space, maps into ik, in k-space, then Eq. (14) is written as
Let F(r) be a vector field in r-space. We define the Fourier transform of such a vector field byF
where we use tilde to denote quantities in k c -space. In addition Eq. (18) becomesF
with F (r) = e k·r F(r). On the other hand, Eq. (19) is expressed as
where G(r) is a real vector field, given by
withG(k) = e −k·rF (k). Note that Eqs. (21) and (22) are the Fourier transforms of the real vector field G(r) in k-space.
From Eq. (20), we conclude that F(r) is a complex vector field with its Fourier transform given asF(k c ). Both fields are written in terms of the real vector field, G(r), and its Fourier transformed field,G(k), as
The Helmholtz decomposition of a real vector field G(r) into its longitudinal G (r) and transverse G ⊥ (r) components is well known [16] . Using this procedure, we decompose the complex vector field F(r) into its longitudinal and transverse components as Thus, a complex vector field F(r) is decomposed into a divergence-free part, F ⊥ (r), and a curl-free part, F (r).
Concluding remarks
In this paper, a group-theoretical matrix approach of the curl operator is discussed. It is physically motivated by an analogy between the field equations describing gravity and electromagnetism. The properties for the curl operator, obtained within the matrix formulation, are elegant and simple. These are reminiscent of the traditional curl operator. They reflect the symmetry of the matrix procedure. The alternative definition of the curl operator provides a way to construct hermitian representations which is applied in the study of the spectra of the curl operator.
This approach suggests, in a natural way, that the definition of the curl operator can be extended to the complex plane. This operator may be also applied to complex vector fields, in general, and the electromagnetic field, in particular.
The general expression for the gradient is in Eq. (9) of the same paper, (grad T ) abcd · · ·
